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Abstract
Let K be a complete ultrametric algebraically closed field and let A be the K-Banach algebra of bounded
analytic functions in the disk D: |x| < 1. Let Mult(A,‖ · ‖) be the set of continuous multiplicative semi-
norms of A, let Multm(A,‖ · ‖) be the subset of the φ ∈ Mult(A,‖ · ‖) whose kernel is a maximal ideal
and let Multa(A,‖ · ‖) be the subset of the φ ∈ Multm(A,‖ · ‖) whose kernel is of the form (x − a)A, a ∈
D (if φ ∈ Multm(A,‖ · ‖) \ Multa(A,‖ · ‖), the kernel of φ is then of infinite codimension). The main
problem we examine is whether Multa(A,‖ · ‖) is dense inside Multm(A,‖ · ‖) with respect to the topology
of simple convergence. This a first step to the conjecture of density of Multa(A,‖ · ‖) in the whole set
Mult(A,‖ · ‖): this is the corresponding problem to the well-known complex corona problem. We notice that
if φ ∈ Multm(A,‖ · ‖) is defined by an ultrafilter on D, φ lies in the closure of Multa(A,‖ · ‖). Particularly,
we shaw that this is case when a maximal ideal is the kernel of a unique φ ∈ Multm(A,‖ · ‖). Thus, if every
maximal ideal is the kernel of a unique φ ∈ Multm(A,‖ · ‖), Multa(A,‖ · ‖) is dense in Multm(A,‖ · ‖).
And particularly, this is the case when K is strongly valued. In the general context, we find a subset of
Multm(A,‖ · ‖) \ Multa(A,‖ · ‖) which is included in the closure of Multa(A,‖ · ‖). More generally, we
show that if ψ ∈ Mult(A,‖·‖) does not define the Gauss norm on polynomials (‖·‖), then it is characterized
by a circular filter, like on rational functions and analytic elements. As a consequence, if ψ does not lie in
the closure of Multa(A,‖ · ‖), then its restriction to polynomials is the Gauss norm.
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In a complex Banach algebra B , every maximal ideal is of codimension 1. Consequently, every
maximal ideal of B defines a unique C-algebra homomorphism from B to C. This is essential
to define the Gelfand topology. Let A be the algebra of bounded analytic functions in the disk
U = {z ∈ C | |z| < 1}: the Corona problem was the question whether the set of maximal ideals
defined by the points of U is dense in the whole set of maximal ideals with respect to the Gelfand
topology [14,17]. The answer is yes and was given by L. Carleson in the sixties [3,4,18].
Now, let us look at the situation in non-Archimedean analysis. Throughout the paper, we de-
note by K an algebraically closed field complete with respect to a non-trivial ultrametric absolute
value ‖ · ‖.
It is natural to consider the K-algebra A of bounded analytic functions inside the disk D =
{x ∈ K | |x| < 1}, provided with the norm of uniform convergence ‖ · ‖ on D and try to define a
similar problem. But the first problem arising is that, as we shall recall below, the maximal ideals
which are not defined by points of D, are of infinite codimension. Consequently, it is irrelevant to
define a “Gelfand topology” on the set of characters from A onto quotient fields of A by various
maximal ideals. Of course, given a maximal ideal M of infinite codimension, we may consider
K as a subfield of the quotient field E of A by M and consider an absolute value on E extending
this of K . But since K is complete, a character from A onto E cannot lie in the closure of the
set of characters defined by the points of D, no matter what the absolute value of E continuing
this of K . This is why in the algebra A (as in most of spectral problems in ultrametric analysis)
we have to adopt a point of view based upon the set of multiplicative semi-norms [7,9–11,13,
15,16]. More generally, the role of multiplicative semi-norms was also studied particularly in [2,
6,8,9,13,20]. Actually, such a change just appears to be a generalization of the complex context
because in a C-Banach algebra, the continuous multiplicative semi-norms are just characterized
by the maximal ideals and are of the form |χ | where χ is a character of the algebra.
In [21] the author said to solve the Corona problem for the algebra A defined above, precisely
by showing that the set of maximal ideals of A defined by points of D is dense in the whole set of
maximal ideals with respect to the “Gelfand Topology”. But the definition of a Gelfand topology
on the whole set of maximal ideals of A was not explained. The beginning of the method he used
was similar to this used to study the Corona problem in complex analysis [17]. Thus, the author
claimed that solving the problem is equivalent to prove that, given f1, . . . , fq ∈ A satisfying
infx∈D(max(|f1(x)|, . . . , |fq(x)|)) > 0, there are g1, . . . , gq ∈ A such that∑qj=1 fjgj = 1 (what
he correctly did). Actually such an equivalence, which holds on C, here does not hold in A for
the above reason.
In order to clarify that situation, we have to introduce definitions and notation.
Definitions and notation. Given a commutative K-algebra B with identity, provided with a K-
algebra norm ‖ · ‖, the set of continuous multiplicative K-algebra semi-norms of B is denoted
by Mult(B,‖ · ‖). For each φ ∈ Mult(B,‖ · ‖), we denote by Ker(φ) the closed prime ideal of the
f ∈ B such that φ(f ) = 0. The set of the φ ∈ Mult(B,‖ · ‖) such that Ker(φ) is a maximal ideal
is denoted by Multm(B,‖ · ‖) and the set of the φ ∈ Mult(B,‖ · ‖) such that Ker(φ) is a maximal
ideal of codimension 1 is denoted by Multa(B,‖ · ‖).
We know that sup{φ(f ) | φ ∈ Mult(B,‖ · ‖)} = limn→∞(‖f n‖)1/n ∀f ∈ B [10,15,22]. The
power multiplicative semi-norm ‖ · ‖si defined as ‖f ‖si = limn→∞(‖f n‖)1/n is called upper
spectral semi-norm.
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norm of B [9,10,15,22]. A maximal ideal M of B will be said to be univalent if there is only
one φ ∈ Mult(B,‖ · ‖) such that Ker(φ) =M. The algebra B is said to be multbijective [6,10] if
every maximal ideal is univalent. There do exist not multbijective K-Banach algebras [6,10].
And Mult(B,‖ · ‖) is provided with the topology of simple convergence and is compact for
this topology.
The main Corona problem is whether, in the K-algebra A, the set Multa(A,‖ · ‖) is dense
in Mult(A,‖ · ‖). Here, as a first step, we shall consider the question whether Multa(A,‖ · ‖) is
dense in Multm(A,‖ · ‖). And we shall show that a large subset of Mult(A,‖ · ‖) is included in
the closure of Multa(A,‖ ·‖). Particularly, if K is a “big field”, we shall show that Multa(A,‖ ·‖)
is dense in Multm(A,‖ · ‖).
We first need to recall some basic results. Theorem 1 is well known [9,10,16]:
Theorem 1. Let M be a maximal ideal of B such that the K-Banach algebra quotient norm
of BM is equivalent to its upper spectral semi-norm. Then the upper spectral semi-norm is a
multiplicative norm and M is univalent.
Definitions and notation. Given a ∈ K and r , s ∈]0,+∞[ (r < s), we set d(a, r−){x ∈ K |
|x − a| < r} and Γ (a, r, s) = {x ∈ K | r < |x − a| < s}.
We denote by D the disk d(0,1−) and by A the K-algebra of bounded power series converg-
ing inside D.
Given f (x) =∑∞n=0 anxn and r ∈]0,1], we set |f |(r) = supn∈N |an|rn and ‖f ‖ = |f |(1).
For each r , the mappings |f |(r) defined on A are known to be multiplicative K-algebra norms
of A. The multiplicative norm ‖ · ‖ defined on A makes A a K-Banach algebra [8].
We will denote by W the filter on D admitting for basis the annuli Γ (0, r,1) and by Y the
filter generated by the sets of the form Γ (0, r,1) \⋃∞n=1(
⋃qn
k=1 d(aj,n, r−n )) with |aj,n| = rn <
rn+1 < 1 ∀n ∈ N and limn→∞ rn = 1.
Thanks to properties of a converging power series in its disk of convergence [5,8,19] we have
the following classical theorem:
Theorem 2. Let f ∈ A. There exists F ∈ Y such that |f (x)| = |f |(|x|) ∀x ∈ F .
Corollary 2.1. For every f ∈ A, ‖f ‖ = limY |f (x)|.
Definitions and notation. We denote by | · |∞ the Archimedean absolute value on R.
Two filters F , G on D will be said to be contiguous if for all F ∈ F and G ∈ G, we have
inf{|x − y| | x ∈ F,y ∈ G} = 0.
Recall that given a subset E of K , we denote by H(E) the K-algebra of analytic elements in
E, i.e. the completion of the K-algebra of rational functions with no pole in E, with respect to
the norm ‖ · ‖E of uniform convergence on E [8,19]. Particularly, H(E) is a K-Banach algebra
if and only if E is a closed and bounded subset of K [8]. Thus H(D) is a Banach K-subalgebra
of A.
An element f ∈ A is said to be quasi-invertible if it is of the form Pg with P ∈ K[x], P = 0
and g ∈ A, invertible in A. Other elements of A are said to be non-quasi-invertible.
Let f ∈ A and  > 0. We set D(f, ) = {x ∈ D | |f (x)| }.
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the neighborhood of φ: {ψ ∈ Mult(A,‖ · ‖) | |φ(fj )−ψ(fj )|∞   ∀j = 1, . . . , q}.
Given a filterF on D, we will denote byJ (F) the ideal of the f ∈ A such that limF f (x) = 0.
Theorem 3 is immediate and classical:
Theorem 3. Every element of A is uniformly continuous in D.
Corollary 3.1. Let U1,U2 be two contiguous ultrafilters on D thinner than W . Then J (U1) =
J (U2).
By classical results on analytic functions, we have Theorem 4 [1,8] and Lemma 1 in [12]:
Theorem 4. An element f ∈ A is not quasi-invertible if and only if it has infinitely many zeros.
If f is not quasi-invertible, its set of zeros is a sequence (an) such that limn→∞ |an| = 1.
Theorem 5. Let I be an ideal of A. The following two statements are equivalent:
(i) I is generated by a polynomial whose zeros lie in D,
(ii) I contains a quasi-invertible element.
Proof. Of course, (i) implies (ii). Now, suppose (ii) satisfied. Let J be the ideal of K[x] gener-
ated by all polynomials lying in I . For each quasi-invertible element f = Qg ∈ I , with Q ∈ K[x]
and g invertible in A, Q obviously lies in J , hence J is not null. Then J is of the form PK[x]
with P ∈ K[x] and P has all its zeros in D. Let h ∈ I . Let t = ‖P ‖ and let b ∈ K be such that
‖bh‖ < t . There exists s ∈]0,1[ such that |P |(r) > ‖bh‖∀r > s and such that all zeros of P lie
in d(0, r). Consequently, we have |P(x)| = |P |(|x|) > |bh(x)|∀x ∈ D \ d(0, r). Thus, P + bh
has no zero in D \ d(0, r) and therefore, by Theorem 2, has finitely many zeros in D. But then
by Theorem 2, it is quasi-invertible, of the form T l, with T ∈ K[x] and l invertible in A. Hence
T lies in J and therefore is multiple of P . Consequently, I = PA. 
Theorem 6. Let M be a principal maximal ideal of A. Then there exists a ∈ D such that M=
(x − a)A.
Proof. If M contains a quasi-invertible element, by Theorem 5 it is generated by a polynomial,
hence, since K is algebraically closed, by some (x − a) with a ∈ D. Now suppose that M
contains no quasi-invertible element. Let g ∈M be such that M = gA. Since g is not quasi-
invertible, by Theorem 4, it has a sequence of zeros (an)n∈N such that limn→∞ |an| = 1. In
particular g factorizes in A in the form (x − a1)h, hence gA is strictly included in hA which is
another ideal different from A because h is not invertible in A, a contradiction. 
Concerning maximal ideals, Theorem 7 is proved in [12].
Theorem 7. Let M be a non-principal maximal ideal of A. Then M is not of finite type.
Corollary 7.1. The mapping from D to Max(A) associating to each point a of D the maximal
ideal (x − a)A is a bijection from D onto the set of principal maximal ideals.
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Proof. Let M be a non-principal maximal ideal of A. If M contained an element f of H(D)
different from 0, by classical results on H(D) [5,8] this element would be of the form Pg with
P ∈ K[x] (P = 0) and g invertible in H(D), hence in A, hence M would be generated by a
polynomial. Thus, M contains no elements of H(D). Consequently, AM is a field containing
a subfield isomorphic to the field of fractions of H(D), which obviously is a transcendental
extension of K .
Theorem 9. Let M be a maximal ideal of A. The following statements are equivalent:
(i) M is of finite type,
(ii) M is principal,
(iii) there exists a ∈ D such that (i) M= (x − a)A,
(iv) M is of codimension 1.
Proof. Indeed, (i), (ii), (iii) are equivalent by Theorem 7 and Corollary 7.1. By Theorem 8, if
M is of codimension 1, then it is principal, hence (iv) implies (ii). Conversely, assume (ii) is
satisfied, hence so is (iii): say M= (x − a)A, a ∈ D. Then M is the kernel of the character χ
of A defined as χ(f ) = f (a), which shows that M is of codimension 1. 
Corollary 9.1. An element φ of Mult(A,‖ · ‖) belongs to Multa(A,‖ · ‖) if and only if there exists
a ∈ D such that φ(f ) = |f (a)|, ∀f ∈ A.
Notation. Henceforth, for every a ∈ D, we shall denote by ϕa the multiplicative semi-norm
defined on A as ϕa(f ) = |f (a)|.
Proposition 10. Let P be a prime non-principal ideal of A. Let r ∈]0,1[ and  ∈]0,1[. There
exists h ∈P such that D(h, ) ⊂ Γ (0, r,1).
Proof. Let f ∈ P . Since P is not principal, by Theorem 5 f is not quasi-invertible. By Theo-
rem 4, f has a finite number of zeros in d(0, r) so there exists a polynomial P whose zeros lie in
d(0, r) and are those of f with the same multiplicities. Consequently, by classical properties of
analytic functions inside a disk [5,8], f admits a factorization in the form Ph with h ∈ A, where
h admits no zeros in d(0, r) and satisfies |h(0)| > . Consequently, |h(x)| = |h(0)| ∀x ∈ d(0, r).
Since P is not principal, by Theorem 5 P does not belong to P . But since P is prime, h must
belong to P and then by construction, it satisfies D(h, ) ⊂ Γ (0, r,1). 
Theorem 10 is shown in [21] and is a Bezout-like theorem:
Theorem 11 (van der Put). Let f1, . . . , fq ∈ A satisfying infx∈D(max(|f1(x)|, . . . , |fq(x)|)) > 0.
Then there exist g1, . . . , gq ∈ A such that ∑qj=1 gjfj = 1.
Corollary 11.1. Let I be an ideal of A different from A. The family of sets D(f, ), f ∈ I,  > 0,
makes a system of generators of a filter on D.
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by the sets D(f, ), f ∈ I,  > 0. By definition, GI is minimal, with respect to the relation of
thinness, among the filters H such that limH f (x) = 0 ∀f ∈ I .
As a corollary of Proposition 10 and Corollary 11.1, we have Corollary 10.2
Corollary 11.2. Let P be a non-principal prime ideal of A. Then GP is secant with W .
2. Main results
Theorem 12. Let M be a non-principal maximal ideal of A. Then M= J (GM).
Proof. By definition, we have M⊂ J (GM). On the other hand, J (GM) = A because by The-
orem 5 all elements of J (GM) are non-quasi-invertible. Consequently, M= J (GM).
Corollary 12.1. Let M be a non-principal maximal ideal of A. For every ultrafilter U thinner
than GM, J (U) =M.
Theorem 13. Let U be an ultrafilter on D. For every f ∈ A, |f (x)| admits a limit ϕU (f ) along U .
Moreover, the mapping ϕU from A to R+ belongs to Mult(A,‖ · ‖) and Ker(ϕU ) = J (U). Given
two contiguous ultrafilters U1, U2 on D, ϕU1 = ϕU2 .
Proof. Let θ be the function defined in D, by θ(x) = |f (x)|. For each f ∈ A, θ takes
values in the compact [0,‖f ‖]. Clearly, θ admits a limit ϕU along every ultrafilter on D.
Consequently, ϕU defines a continuous multiplicative semi-norm on A whose kernel is
J (U). Finally, since every function f ∈ A is uniformly continuous, it is easily seen that
limU1 |f (x)| = limU2 |f (x)| ∀f ∈ A, hence ϕU1 = ϕU2 . 
Theorem 14. Let M be a non-principal maximal ideal of A and let U be an ultrafilter thinner
than GM. Then ϕU belongs to the closure of Multa(A,‖ · ‖) in Multm(A,‖ · ‖).
Proof. Let V be neighborhood of ϕU in Mult(A,‖ · ‖). It contains some set of the form
V(ϕU , f1, . . . , fq, ). For each j = 1, . . . , q , there exists Bj ∈ U such that ‖fj (x)|−ϕU (fj )‖∞ 
 ∀x ∈ Bj . Let B =⋂qj=1 Bj . Then ‖fj (x)| − ϕU (fj )‖∞   ∀x ∈ B,∀j = 1, . . . , q . Conse-
quently, ϕa belongs to V(ϕU , f1, . . . , fq, ) for all a ∈ B . 
Corollary 13.1. Let M be a univalent non-principal maximal ideal of A and let φ ∈ Multm(A,
‖ ·‖) satisfy Ker(φ) =M. Then φ is of the form φ(f ) = limU |f (x)| with U an ultrafilter thinner
than W and such that J (U) =M. Moreover, φ belongs to the closure of Multa(A,‖ · ‖) in
Multm(A,‖ · ‖).
Corollary 13.2. Suppose A is multbijective. Then every multiplicative semi-norm φ ∈ Multm(A,
‖ · ‖) \ Multa(A,‖ · ‖) is of the form φ(f ) = limU |f (x)| with U an ultrafilter thinner than W
and such that J (U) =M. Moreover, Multa(A,‖ · ‖) is dense in Multm(A,‖ · ‖).
Definition. The field K is said to be strongly valued if at least one of the following sets is not
countable: the set of values of K = {|x| | x ∈ K} and the residue class field of K .
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Theorem 15. Suppose K is strongly valued. Every commutative K-Banach algebra is multbijec-
tive.
Corollary 15.1. Suppose K is strongly valued. Then every multiplicative semi-norm φ ∈
Multm(A,‖ · ‖) \ Multa(A,‖ · ‖) is of the form φ(f ) = limU |f (x)| with U an ultrafilter thinner
than W and such that J (U) =M. Moreover, Multa(A,‖ · ‖) is dense in Multm(A,‖ · ‖).
Theorem 16. Let M be a non-principal maximal ideal of A and let ψ ∈ Multm(A,‖ · ‖) satisfy
Ker(ψ) =M. Every quasi-invertible element f ∈ A satisfies ψ(f ) = limW |f (x)| = ‖f ‖.
Proof. Let f ∈ A be quasi-invertible. There exists r ∈]0,1[ such that f has no zero in Γ (0, r,1).
By classical properties of analytic functions [4,8,20], we know that∣∣f (x)∣∣= |f |(|x|) ∀x ∈ Γ (0, r,1).
Consequently, limY |f (x)| = limW |f (x)|. Now, by Corollary 2.1, limY |f (x)| = ‖f ‖ and by
Corollary 10.2, GM is secant with W hence limW |f (x)| = limGM |f (x)|, which ends the
proof. 
Definitions and notation. Let B(N,K) be the K-Banach algebra of bounded sequences of K
provided with the usual laws of K-algebra and with the usual norm defined as ‖(an)n∈N‖′ =
sup{|an| | n ∈ N}. For every ultrafilter G on N we will denote by Θ(G) the ideal of B(N,K)
consisting of sequences (an) such that limG an = 0. An ultrafilter G is said to be principal if⋂
F∈GF is reduced to a singleton.
Let S = (an)n∈N be sequence thinner than W . We will denote by Σ(S) the set of ultrafilters
thinner than S , by I(S) the ideal of the f ∈ A such that f (an) = 0 ∀n ∈ N and by I˜(S) the ideal
of the f ∈ A satisfying (an) = 0 whenever n is bigger than some q ∈ N.





|an − aj | > 0.
Lemma 16 is easily verified:
Lemma 17.
(i) Let (an)n∈N in D be a sequence in D such that |an| < |an+1| and limn→∞ |an| = 1. We can
extract from this sequence a regular subsequence.
(ii) Every subsequence of a regular sequence is a regular sequence.
(iii) Let (aj,n)n∈N be two regular sequences such that infn,m∈N |a1,m−a2,n| ρ > 0 ∀m, n ∈ N.
The sequence (un)n∈N defined as u2n = a1,n, u2n+1 = a2,n is regular too.
Theorem 18 is classical:
Theorem 18. Θ is a bijection from the set of ultrafilters on N onto Max(B(N,K)). The restriction
of Θ to the subset of non-principal ultrafilters on N is a bijection from this set onto the set of
non-principal maximal ideals of B(N,K). Moreover, maximal ideals of B(N,K) is principal if
and only it is of codimension 1.
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be the canonical surjection from B(N,K) onto the field L = B(N,K)
M
. Let ‖ · ‖M be the K-algebra
quotient norm of L. Then, every sequence (an)n∈N ∈ B(N,K) satisfies ‖(an)‖M = limU |an|.
Proof. Since U is an ultrafilter and since {|an| | n ∈ N} is included in a compact subset of R,
limU |an| does exist. Let l = limU |an| and let  be > 0. We first notice that ‖θ((an)n∈N)‖M  l.
Indeed, let t = (cn)n∈N ∈M. There exists E ∈ U such that |dn| < 2 and |an| > l − 2 ∀n ∈ E,
hence |an + cn| > l −  ∀n ∈ E, therefore ‖θ((an)n∈N)‖M  l − . This is true for all  > 0,
hence ‖θ((an)n∈N)‖M  l.
Now, let us show that ‖θ((an)n∈N)‖M  l. There exists F ∈ U such that | |an|− l|∞   ∀n ∈
F . Let (sn)n∈N be the sequence defined as sn = −an ∀n /∈ F and sn = 0 ∀n ∈ F . Then (sn)n∈N
lies in M . Next, we notice that an + sn = 0 ∀n ∈ F hence ‖an + sn| − l|∞   ∀n ∈ F and that
an + sn = 0 ∀n /∈ F . Consequently, ‖(an + sn)n∈N‖′  l + , therefore ‖(θ((an)n∈N)‖M  l + .
This is true for all  > 0 again, hence ‖(θ((an)n∈N)‖M  l. This finishes the proof.
Corollary 18.1. B(N,K) is multbijective. Let M be a principal maximal ideal of B(N,K). The
K-Banach algebra quotient norm of the field B(N,K)
M
is multiplicative.
Definitions and notation. Definitions and notation Let S = (an)n∈N be a sequence in D thinner
than W . We will denote by TS the mapping from A into B(N,K) which associates to each
f (x) =∑∞n=0 anxn the sequence (f (an)n∈N).
An ultrafilter U thinner than W will be said to be regular if it is thinner than a regular se-
quence.
A non-principal maximal idealM will be said to be regular if there exists a regular ultrafilter
U such that M= J (U).
Given a sequence S = (an)n∈N in D such that limn→∞ |an| = 1, we shall denote by I(S) the
ideal of the f ∈ A such that f (an) = 0 ∀n ∈ N and by I˜(S) the ideal of the f ∈ A such that
f (an) = 0 when n is sufficiently big.
Remark. Given a regular maximal ideal M = J (U) where U is thinner than a regular se-
quence S , then M contains I(S).
From [21], (4.6), we have the following theorem:
Theorem 20. Let S be a sequence in D thinner thanW . Then TS is surjective on B(N,K) if and
only if the sequence S is regular.
Notation. Let S be a regular sequence. Since TS is surjective, there exists a K-algebra isomor-
phism ΛS from AKer(TS ) onto B(N,K), where Ker(TS) = I(S).
Theorem 21. Let S be a regular sequence. ΛS is bicontinuous from AKer(TS ) , provided with its
quotient norm, to B(N,K), provided with the norm ‖ · ‖′.
Proof. We will first check that ΛS is continuous. Let ‖ · ‖q be the K-Banach algebra quotient
norm of AI(S) and let f ∈ A. Let S = (an)n∈N. By definition, we have ‖ΛS(f )‖q = inf{‖f + t‖ |
t ∈ I(S)}. But ‖f + t‖ supn∈N |(f + t)(an)| = supn∈N |f (an)| = ‖TS(f )‖′, which shows that
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the K-Banach space B(N,K), hence is bicontinuous by Banach’s Theorem. 
Corollary 21.1. Let S = (an)nN be a regular sequence. There exists c > 0 such that for every
sequence (bn)nN, there exists h ∈ A satisfying ‖h‖ c‖(bn)‖′ and h(an) = bn ∀n ∈ N.
Theorem 22. Let S = (an)n∈N be a regular sequence. The closure of I˜(S) in A is the ideal of
the f ∈ A such that limn→∞ f (an) = 0.
Proof. Let f ∈ A satisfy limn→∞ f (an) = 0 and for each n ∈ N, let bn = f (an) n ∈ N and n =
sup{|bm| l m n}. By Corollary 20.1, there exists a constant c > 0 such that for each n ∈ N there
exists hn ∈ A such that ‖hn‖  cn and hn(am) = bm ∀m  n. So, (f − hn)(am) = 0 ∀m  n,
therefore f − hn belongs to I˜(S). And since ‖hn‖  cn, limn→∞ f − hn = f , which shows
that f belongs to the closure of I˜(S). 
Theorem 23. Let S be a regular sequence and let M be a maximal ideal of A. The following
two statements are equivalent:
(i) I(S) ⊂M.
(ii) There exists an ultrafilter U thinner than S such that M= J (U).
Moreover, the mapping Ψ which associates to each ultrafilter U thinner than S the ideal
J (U) is a bijection from Σ(S) onto the set of maximal ideals of A containing I(S).
Proof. Obviously, (ii) implies (i). Thus, suppose (i) true. Let S = (an)n∈N. By Theorem 20, the
isomorphism ΛS makes a bijection Ψ from the set of maximal ideals of A containing I(S) to the
set of maximal ideals of B(N,K) and more precisely, it makes a bijection from the set of maximal
ideals of A of infinite codimension containing I(S) to the set of maximal ideals of B(N,K)
of infinite codimension which actually are the non-principal maximal ideals of B(N,K). Let
N = Ψ (M). By Theorem 18, there exists an ultrafilter U on N such that N is the ideal of the
bounded sequences tending to zero along U . Now, let Ξ be the natural bijection from the set of
non-principal ultrafilters of N onto the set of ultrafilters thinner than S and let U = Ξ(U). Then
N = ΛS(M) hence M= I(S).
Moreover, in this way, we can see that Ψ ◦ Ξ−1 is a bijection from Σ(S) onto the set of
maximal ideals of A containing I(S). 
By Theorems 22 and 23 we have Corollary 23.1.
Corollary 23.1. Let S be a regular sequence. For every maximal ideal M containing I(S), the
field AM is isomorphic to B(N,K)TS (M) .
Theorem 24. Let S be a regular sequence. For every maximal ideal M of A containing I(S),
the K-Banach algebra quotient norm of AM is equivalent to an absolute value extending this
of K .
Proof. Let θ be the canonical surjection from A to AI(S) . Since, by Theorem 21, AI(S) is al-
gebraically and topologically isomorphic to B(N,K), the K-Banach algebra quotient norm of
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I(S) induces on B(N,K) a K-algebra norm that is equivalent to its K-Banach algebra norm.
By Corollary 18.1 the quotient norm of the field ΛS(M) is an absolute value. Consequently, the
K-Banach algebra quotient norm of AM =
A
I(S)
θ(M) is then equivalent to this absolute value. 
Corollary 24.1. For every regular ultrafilter U , J (U) is a univalent maximal ideal.
Remark. Consider a maximal ideal M of A and suppose that there exists φ ∈ Multm(A,‖ · ‖)
which does not lie in the closure of Multa(A,‖ · ‖). Then M is not univalent and therefore the
K-Banach algebra quotient norm of the field AM is not equivalent to its norm ‖ · ‖si .
Theorem 25. Let U1, U2 be two regular ultrafilters. Then J (U1) = J (U2) if and only if U1 and
U2 are contiguous.
By Corollary 3.1 we only have to show that if U1 and U2 are not contiguous, then J (U1) =
J (U2). Indeed suppose that U1 and U2 are not contiguous. Let (aj,n)n∈N be a regular sequence
less thin than Uj , j = 1,2. Since U1 and U2 are not contiguous, there exists ρ > 0, Uj ∈ Uj , j =
1,2 such that |x2 − x1| ρ ∀x1 ∈ U1, x2 ∈ U2. Since each filter Uj is thinner than the sequence
(aj,n)n∈N, Uj does contain a subsequence of the sequence (aj,n)n∈N. Let (aj,m(s))s∈N be the se-
quence of all terms of the sequence (aj,n)n∈N which lie in Uj . Then Uj is secant with (aj,n)n∈N
and therefore is thinner than this sequence (aj,m(s))s∈N because it is an ultrafilter. And by Lemma
17 the sequences (aj,m(s))s∈N j = 1,2 are regular. Thus, without loss of generality, we may as-
sume that the original sequences (aj,n)n∈N satisfy |a2,n −a1,m| ρ ∀n, m ∈ N. Now, by Lemma
17, the sequence (un)n∈N defined as u2n = a1,n, u2n+1 = a2,n is regular too. Consequently, there
exists f ∈ A such that f (u2n) = 0, f (u2n+1) = 1 ∀n ∈ N. But since U1 is thinner than the se-
quence (a1,n)n∈N, we see that f /∈ J (U1) and since U2 is thinner than the sequence (a2,n)n∈N, f
belongs to J (U2). This shows that J (U1) = J (U2).
Corollary 25.1. The relation R on regular ultrafilters defined as U1RU2 if U1 and U2 are con-
tiguous is an equivalence relation whose classes are in bijection with the set of regular maximal
ideals of A.
Remark. In the general case, Relation R is not an equivalence relation on a set of filters in K .
Example: consider a sequence (an)n∈N such that |an| < |an+1| ∀n, put bn = a2n, cn = a2n+1 and
consider the filters F ,G,H associated to these sequences, respectively. Clearly, both G and H
are contiguous to F but G is not contiguous to H.
In a K-Banach algebra H(D), the set Mult(H(D),‖ · ‖) is well known: there is a bijection
from the set of circular filters onto Mult(H(D),‖ · ‖) that associates to each circular filter F on
D the multiplicative semi-norm ϕF defined as ϕF (f ) = limF |f (x)| [8,10,15,16]. Using their
properties, we can make a small step towards the study of the whole set Mult(A,‖·‖), by showing
Theorem 26. First, we have to recall the definition of circular filters.
Definitions and notation. We call circular filter of center a and diameter R on K the filter F
which admits as a generating system the family of sets Γ (α, r ′, r ′′) with α ∈ d(a,R), r ′ < R <
r ′′, i.e. F is the filter which admits for base the family of sets of the form ⋂qi=1 Γ (αi, r ′i , r ′′i )
with αi ∈ d(a,R), r ′ <R < r ′′(1 i  q, q ∈ N).i i
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lar filter with no center, of canonical basis (Dn)n∈N the filter admitting for basis this sequence
(Dn)n∈N. Then, limn→∞ diam(Dn) is called diameter of F .
Finally the filter of neighborhoods of a point a ∈ K is called circular filter of neighborhoods
of a. A circular filter is said to be punctual if it is filter of neighborhoods of a point and its
diameter is said to be 0.
Let us recall a classical characterization of multiplicative semi-norms on H(D) [8,10,13].
Theorem 26. For every circular filter F secant with D, for every f ∈ H(D), |f (x)| admits a
limit ϕF (f ) along the filter F ∩ D. The mapping Φ defined on the set of circular filters secant
with D as Φ(F) = ϕF is a bijection onto Mult(H(D),‖ · ‖D). Moreover, ϕF is a norm if and
only if F is not punctual.
Since every element of A belongs to H(d(0, r−)) for all r < 1, we must recall Corollary 25.1.
Corollary 26.1. For every circular filterF secant with D, of diameter r < 1, ϕF has continuation
to an element of Mult(A,‖ · ‖).
Notation. Given a circular filter F on D of diameter r < 1 we shall denote again by ϕF the
continuation of ϕF to A.
Theorem 27. Let ψ ∈ Mult(A,‖ · ‖) be a norm and assume that its restriction ϕF to H(D) is
not ‖ · ‖. Then ψ(f ) = limF |f (x)| ∀f ∈ A.
Proof. Suppose first f is invertible. Then |f (x)| is a constant b > 0. Consequently, ‖f ‖ = b =
ϕF (f ). Suppose ψ(f ) = b. Then ψ(f ) < b because b = ‖f ‖. Now consider h = 1f . Since ‖ · ‖
is multiplicative, we see that ψ(h) > ‖h‖, a contradiction. Consequently, ψ(f ) = ϕF (f ).
Suppose now f is quasi-invertible. Then f is of the form Pg with P ∈ K[x] and g invertible
in A. Then, ψ(f ) = ψ(P )ψ(g) = ϕF (P )ϕF (g) = ϕF (f ).
We now suppose that f is not quasi-invertible. By Theorem 4, f has a sequence of zeroes
(an)n∈N where un is the multiplicity of an and |an|  |an+1| ∀n ∈ N. Let t = ψ(f ) and s =
limF |f (x)|.
First, we shall show that t  s.
Suppose first that F is secant with a disk d(a, r) which contains none of the an. By classi-
cal results [8], we have ‖f ‖d(a,r)‖f ‖ =
∏∞
n=0 |an − a|un , hence inside the disk d(a, r), |f (x)| is a
constant equal to ‖f ‖∏∞n=0 |an − a|un and therefore, s = ‖f ‖
∏∞
n=0 |an − a|un .
For each q ∈ N, let fq = f∏q
n=0(x−an)un
. So, clearly, ‖fq‖ = ‖f ‖ ∀q ∈ N.
Now, since ψ(P ) = ϕF (P ) ∀P ∈ K[x], we have ψ(
∏q
n=0(x − an)un) =
∏q
n=0 |an − a|un ,
hence ψ(fq) = t∏q
n=0 |an−a|un
. But since ψ(fq)  ‖fq‖, we have t∏q
n=0 |an−a|un
 ‖fq‖ =
‖f ‖ ∀q ∈ N. Since this is true for every q ∈ N, we derive t∏∞




Consequently, t  s.
Now consider the case when there exists no disk d(a, r) such that F is secant with d(a, r)
and none of the an lie in d(a, r). Since limn→∞ |an| = 1, F is a filter with a center α.
Let ρ be its diameter and suppose |aj − α|  ρ whenever j = 0, . . . , q and |aj − α| >
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j=0(x−aj )uj
. Then ϕF (x − aj ) = ψ(x − aj ) = ρ ∀j = 0, . . . , q and hence
ϕF (h) = s∏q
j=0 ρ
uj
and ψ(h) = t∏q
j=0 ρ
uj




, t ′ = t∏q
j=0 ρ
uj
, we have t ′  s′ hence t  s.
Suppose that t < s. Let f =∑∞n=0 bnxn. Since ϕF is not equal to ‖ . ‖ on H(D), F is
secant with a disk d(0, l) with l < 1 and hence we have limn→∞ |bn|ln = 0. Thus there exists
q ∈ N such that supnq |bn|ln = supn∈N |bn|ln > supn>q |bn|ln and such that supn>q |bn|ln < s.
Let g =∑qn=0 bnxn.
Obviously, ϕF (f − g) supn>q |bn|ln < s. But since ϕ and ψ coincide on K[x], we have
ψ(g) = s and hence ψ(f − g) = s. Consequently, f − g satisfies ϕF (f − g) < ψ(f − g).
On the other hand, since f is not quasi-invertible, we have supnm |bn| < supn∈N |bn| ∀m ∈ N
and therefore supqnm |bn| < supqn∈N |bn| ∀m q , so f −g is not quasi-invertible either. But
then, as we just saw, it is impossible that ϕF (f − g) < ψ(f − g). Consequently, s = t . 
Corollary 27.1. Let ψ ∈ Mult(A,‖ · ‖) and assume it is not of the form ϕF with F a circular
filter on D or an ultrafilter thinner than W . Then the restriction of ψ to H(D) is ‖ · ‖ (and
particularly, this is the case if ψ does not belong to the closure of Multa(A,‖ · ‖)).
Open questions and remarks. 1) Do exist maximal ideals of A defined by non-regular ultrafil-
ters? If they do, assuming that K is not strongly valued, are they univalent? Actually it seems
very hard to construct a K-Banach algebra which is not multbijective, as shows the counter-
example in [6] and [10]. However, we can imagine that maximal ideals M be defined by several
ultrafilters which wouldn’t be contiguous, each defining a distinct multiplicative semi-norm ϕU .
But even in such a case, each such semi-norm would belong to the closure of Multa(A,‖ · ‖).
On the other hand, all multiplicative semi-norms known on A belong to the closure of
Multa(A,‖ · ‖) in Mult(A,‖ · ‖). This is why the following two conjectures seem likely:
Conjectures.
(1) Multa(A,‖ · ‖) is dense in Multm(A,‖ · ‖) (whatever the complete algebraically closed field
K).
(2) Multa(A,‖ · ‖) is dense in Mult(A,‖ · ‖).
Assuming Conjecture (1) is proved (what is done when K is strongly valued), Conjecture (2)
would be an immediate consequence of the following Conjecture (3):
(3) Let ψ ∈ Mult(A,‖ · ‖) \ Multm(A,‖ · ‖). Then ψ is of the form ϕF with F a circular filter
on D (and hence ψ is a norm).
Another question more or less linked to these ones is whether every prime closed ideal differ-
ent from 0 is maximal, which also seems likely.
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